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5"� �$ �&"�"#1�$�� �"�1$�$�� 5�"1#&# 5#";!�� 198�"�� �; $�1�"$#K FG � �" #19� @�& �$ �&"�"#1�?
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��� #% 5#1�!�$�; 5"�192 ��� �� �"�1$�$��K *G $����!91�< �; #&"�$���$�; $� 198�"��%9� @�& 1

�## 1� � 1�� � 5#";!�#% �$ �&"� #"�/

�"#%�  #&#7 %9 $�!����� �$ �&"� #" $#19%� 1#�%#6$#� ;%�J +G �$ �&"�"#1�$�� $� @�&� !# 5#�$#�

�2#!�%#� � � �"�:�#$$#&# 5"#:����K (G ��5#%�$�$�� 1�����$9 5"�!5#���!$�&# @�&� 5#��� 195#�$�?

$�; 5"#:�!�"9 �$ �&"�"#1�$�;7 � # 1���%� 5#���$# 5"� %$#&#�"� $#% ��5#���#1�$�� 5"#&"�%%$#&#

�#!� 1 "�6�%� 5�"�%�$$#&# @�&�K � .G 89� "9� 198#" � �" #1#&# @�&�7  "�8��%9� ��@� !�; 5�"1#&#

#8"�B�$�; � �$ �&"� #"� C5"� 5#1 #"$#% #8"�B�$�� ��5#����� �; ��5#%�$��%9� @�& 5"�!9!�B�&#

#8"�B�$�;G/

��; ���@�&# 5#$�%�$�; 5"#&"�%%$#&# �#!� PEMQQN+F %9  ��6� �"� �# ����&��% #8B�<  �#"�<

�$ �&"� #"� 01�"2�" � � 1$���$$9%� $�%� $��$��� ���$9%� �#""�� �1�%�/ � !���$��@�% 5# 5"���$�

 #&#7 � # �$ �&"� #" ��5#����� &����#19 "��8��$�;7 %9 8�!�% $��91� � �&# �$ �&"� #"#% ������H

01�"2�" � C2# ; #89�$#  ���� �$ �&"� #"9 $��91�< &����#19%�G/



(

� �	�
���� �

����

>"�!5#�#6�%7 $� @�&� h %9 "�@��% ��!���J

x′ = f(t,x), x0 = x(t0). C+/+G

R!��� t ' $���1���%�; 5�"�%�$$�;7 x ' �$ �&"�"��%9� 5�"�%�$$9�7 � f ' ��!�$$�; 1�� #"H��$�:�;

t � x/ �1�!�% 5�"�%�$$�< τ = (t − t0)/h � 5"�!� �1�% 5"�1�< ��� � �"�1$�$�� C+/+G 1 1�!� 5#��$#%�

� �5�$� kJ

x′ = x′
τ/h = f = f0 + A1τ + A2τ

2 + A3τ
3 + . . . + Akτk, C+/(G

&!� �#=���:��$ 9 Ai 5#�� $� #5"�!���$9/ �$ �&"�"�; C+/(G 5# τ 7 5#�����% "�@�$��

x = x0 + h

(
f0τ +

1
2
A1τ

2 +
1
3
A2τ

3 +
1
4
A3τ

4 + . . . +
1

k + 1
Akτk+1

)
. C+/.G

>�"�5�@�% C+/(G 1 1�!� �$ �"5#�;:�#$$#&# %$#&#���$� ��< #$� $� �� �� τ0, τ1, . . . , τk Cτ0 = 0GJ

f = f0 + α1τ + α2τ(τ − τ1) + α3τ(τ − τ1)(τ − τ2) + . . . + αkτ(τ − τ1) . . . (τ − τk−1). C+/IG

�� �## $#@�$��
f1 = f0 + α1τ1,

f2 = f0 + α1τ2 + α2τ2(τ2 − τ1),
f3 = f0 + α1τ3 + α2τ3(τ3 − τ1) + α3τ3(τ3 − τ1)(τ3 − τ2),
. . .

C+/FG

5#�����% �#$��$9� "��$#� � α

α1 = (f1 − f0)/τ1,

α2 = ((f2 − f0)/τ2 − α1)/(τ2 − τ1),
α3 = (((f3 − f0)/τ3 − α1)/(τ3 − τ1) − α2)/(τ3 − τ2),
. . .

C+/*G

� �1#< #��"�!�7 �"�1$�1�; C+/(G � C+/IG7 8�!�% �%� �

A1 = α1 + (−τ1)α2 + (τ1τ2)α3 + . . . + (−1)k−1(τ1 . . . τk−1)αk = c11α1 + c21α2 + . . . + ck1αk,

A2 = α2 + (−τ1 − τ2)α3 + . . . = c22α2 + . . . + ck2αk,

. . . . . . . . .

Ak = αk = ckkαk.

C+/-G


#&!� #8"� $9� 5�"�2#! # A � α %#6$# 5"�!� �1� � ���

α1 = d11A1 + d21A2 + . . . + dk1Ak,

α2 = d22A2 + . . . + dk2Ak,

. . . . . .

αk = dkkAk.

C+/SG

�#=���:��$ 9 cij � dij ;1�;< �; ������� ���	��
��7 �# #"9� 19����;< �; 5# �#"%���%

cii = dii = 1, ci0 = di0 = 0 (i > 0),
cij = ci−1,j−1 − τi−1ci−1,j , dij = di−1,j−1 − τjdi−1,j (i > j > 0).

C+/,G

� �## 1� � 1�� � C+/,G ��6!9� �#=���:��$ cij 5"�!� �1�;� �#8#� ��%%� 1��1#�%#6$92 5"#��1�!�$��

i − j 1�����$ τ1, . . . , τi−1 �# �$��#% (−1)i−j / ��5"�%�"7

c62 = τ1τ2τ3τ4 + τ1τ2τ3τ5 + τ1τ2τ4τ5 + τ1τ3τ4τ5 + τ2τ3τ4τ5.

� �<!� �#&���$# ��
	��� ����� �$���$�; τ1, . . . , τi−1 8�!� ;1�; ��; �#"$;%� 5#��$#%� 1�!�

Pi−1 = ci1 + ci2τ + ci3τ
2 + . . . + ciiτ

i−1. C+/+)G
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������$9 α #5"�!��;< �; 5# f 7 �# #"9�7 1 �1#< #��"�!�7 19����;< �; 5# "�@�$�;% x/ �#&���$# C+/.G

= � "�@�$�; 8�!�% ��!�1� � ���

x1 = x0 + h

(
f0τ1 +

1
2
A1τ

2
1 +

1
3
A2τ

3
1 + . . . +

1
k + 1

Akτk+1
1

)
,

. . . C(/+G

xk = x0 + h

(
f0τk +

1
2
A1τ

2
k +

1
3
A2τ

3
k + . . . +

1
k + 1

Akτk+1
k

)
.

	#"%��9 C(/+G 5"�!� �1�;< �#8#� $�;1$9� �"�1$�$�; # $#�� ���$# x7 5#= #%� #$� "�@�< �; � �"�?

:�#$$9% �5#�#8#%/

��; 5#����$�; $�����$#&# 5"�8��6�$�; ᾱ $� ���!�<B�% @�&� h̄ ��5#����� �; �$�#"%�:�; #

�#=���:��$ �2 A $�  ���B�% @�&� h/ A��"��%�"$�; $���1���%�; 5�"�%�$$�; ���!�<B�&# @�&� 8�!� 

τ̄ = (t − th)/h̄7 &!� th = t0 + h/ � �<!�

τ = rτ̄ + 1, C(/(G

&!� r = h̄/h/ �#&���$# C+/(G

f0 + A1τ + A2τ
2 + A3τ

3 + . . . + Akτk = f̄0 + Ā1τ̄ + Ā2τ̄
2 + Ā3τ̄

3 + . . . + Āk τ̄k. C(/.G

>#!� �1�;; C(/(G 1 C(/.G � 5"�"�1$�1�; �#=���:��$ 9 5"� #!�$��#192 � �5�$;2 τ̄ 7 5#�����%J

f̄0 = e00f0 + e10A1 + e20A2 + e30A3 + . . . + ek0Ak,

Ā1 = r(e11A1 + e21A2 + e31A3 + . . . + ek1Ak),
Ā2 = r2(e22A2 + e32A3 + . . . + ek2Ak),

. . . . . .

Āk = rkekkAk,

C(/IG

&!� eij ' ����� �	����������
�
 �	���
��
���7 19����;�%9� 5# "���""�$ $9% �#"%���%

eii = ei0 = 1, eij = ei−1,j−1 + ei−1,j (i > j > 0). C(/FG

>#����;�� �## $#@�$�;%� C+/SG !�; Ā7 8�!�% �%� � $�����$#� 5"�8��6�$�� ᾱ/

�:�$�� Ā !�; h̄ %#6$# ��B�� 1�$$# ����@� �7 ���� � $�� !#8�1�; � 5#5"�1�� ΔA7 5#�����%�<

��� "��$#� � %�6!� �$���$�;%� A 5#��� � �"�:�� � #:�$�#� Ā $�  ���B�% @�&� h/

��6!�; � �"�:�; 195#�$;� �; ���!�<B�% #8"��#%/ �$����� #5"�!��;� �; "�@�$�� x17 �� �# #"#&#

5# 5�"1#� �#"%��� C+/FG ����@�� �; �$���$�� α1/ ����� #5"�!��;� �; x27 5# �# #"#%� ����@�� �; α27

�  �� !# xk/ ��� 5"�1��#7 !�; 5#����$�; !#� � #�$# 2#"#@�2 α $�#82#!�%# 1��&# ��@� ( � �"�:��7

#��$� "�!�# ' ./

���  #���# 1�����$9 α 5#����$97 "�@�$�� $� @�&� h Cτ = 1G 8�!� 

xh = x0 + h

(
f0 +

1
2
A1 +

1
3
A2 + . . . +

1
k + 1

Ak

)
. C(/*G

� $����� �$ �&"�"#1�$�;7 $� 5�"1#% @�&�7 1 ����� 1� ᾱ 198�"�< $���19� �$���$�; � ��5����� �;

19@�#5���$$9� � �"�:�#$$9� 5"#:���/ 
��� $�����$9� @�& !#� � #�$# 8#��@#�7 � #89 #8��5��� �

��!�$$�< �#����$�<  #�$#� �7  # �&# ���!�� �%�$�@� �/ >"� #5 �%���$# 198"�$$#% @�&� 19�#��;

 #�$#� � α !#� �&�� �; �6� $� I � �"�:��/

� �

���� �����
��

� ��� 
��
 �� �
��	�������� �����
�
 ���
�� ������ ����

>#����;�� C+/*G7 C+/-G � C(/+G7 $� "�!$# 5#���� �7 � # "�@�$�� C(/*G 5"�!� �1�%# 1 1�!�

xh = x0 + h
k∑

i=0

biki, &!� ki = f(t0 + hτi,x0 + h
k∑

j=0

aijkj) (i = 0, . . . , k),

� �#=���:��$ 9 aij � bi ' 5#� #;$$9�7 ��1��;B��  #���# # τi/ 
���% #8"��#%7 �$ �&"� #" ������H

01�"2�" � ��� ������ #�$#1�$ $� 1�!#��%�$�$$92 �#"%���2 $�;1$#&# %� #!� ��$&�H��  9/
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R$���$�; ���#1 τ1, . . . , τk ' �1#8#!$9� 5�"�%� "9 � �2 %#6$# 198�"� � ��� �&#!$#7 ��@� 89 #$� $�

89�� "�1$9 %�6!� �#8#�/ � #8B�% ������ �$ �&"� #" 8�!� �%� � 5#";!#� k + 17 #!$��# ��B�� 1�< 

 ���� ���#19� �$���$�;7 �# #"9� 5#�1#�;< �$��� ���$# 5#19�� �  #�$#� � "�@�$�;7 � �%�$$# !#

5#";!�� 2k7 ��8# 2k + 1/
>"�8��6�$$#� "�@�$�� 5#";!�� 2k + 1 $� �� �� τ1, . . . , τ2k 8�!� 

xh = x0 + h

(
f0 +

1
2
A′

1 +
1
3
A′

2 + . . . +
1

2k + 1
A′

2k

)
. CI/+G

�5"�!���% τ1, . . . , τk  ��7 � #89 "�@�$�� C(/*G �%��# 5#";!#� 2k + 1/ 0 # 1#�%#6$# 1  #% ������7 ����

"��$#� � "�@�$�� C(/*G � CI/+G 8�!� "�1$� $��<J

Δxh = h

(
A′

1 − A1

2
+

A′
2 − A2

3
+ . . . +

A′
k − Ak

k + 1
+

A′
k+1

k + 2
+ . . . +

A′
2k

2k + 1

)
= 0. CI/(G

�#&���$# C+/*G �#=���:��$ 9 α1, . . . , αk 1 C(/*G � CI/+G �#15�!�< / 
#&!�

A′
1 − A1 = ck+1,1αk+1 + . . . + c2k,1α2k,

A′
2 − A2 = ck+1,2αk+1 + . . . + c2k,2α2k,

. . .

A′
k − Ak = ck+1,kαk+1 + . . . + c2k,kα2k,

A′
k+1 = ck+1,k+1αk+1 + . . . + c2k,k+1α2k,

A′
k+2 = ck+2,k+2αk+2 + . . . + c2k,k+2α2k,

. . .

A′
2k = c2k,2kα2k.

CI/.G

��5#����; "���""�$ $9� �## $#@�$�; C+/,G 19"���% 1 CI/.G �#=���:��$ 9 ck+i,j ��"�� ck+1,j J

ck+2,1 = −τk+1ck+1,1, ck+2,j = ck+1,j−1 − τk+1ck+1,j (j > 1),
ck+3,1 = τk+2τk+1ck+1,1, ck+3,j = ck+1,j−2 + (−τk+1 − τk+2)ck+1,j−1 + τk+2τk+1ck+1,j (j > 1),
. . . . . .

CI/IG

>#!� �1�;; CI/IG 1 CI/.G7 5#�����%

A′
1 − A1 = B1ck+1,1,

A′
2 − A2 = B1ck+1,2 + B2ck+1,1,

. . .

A′
k − Ak = B1ck+1,k + B2ck+1,k−1 + . . . + Bkck+1,1,

A′
k+1 = B1ck+1,k+1 + B2ck+1,k + . . . + Bkck+1,2,

A′
k+2 = B2ck+1,k+1 + . . . + Bkck+1,3,

. . .

A′
2k = Bkck+1,k+1,

CI/FG

&!� B �%�< �#"%� C+/-GJ

B1 = αk+1 + (−τk+1)αk+2 + (τk+1τk+2)αk+3 + . . . + (−1)k−1(τk+1 . . . τ2k−1)α2k,

B2 = αk+2 + (−τk+1 − τk+2)αk+3 + . . . ,

. . .

Bk = α2k.

>#!� �1�;; !���� CI/FG 1 CI/(G � �"�1$�1�; �#=���:��$ 9 5"� #!�$��#192 1�����$�2 B7 8�!�% �%� �

�"�1$�$�; !�; ck+1,j

ck+1,1

2
+

ck+1,2

3
+ . . . +

ck+1,k

k + 1
+

1
k + 2

= 0,

. . . CI/*G
ck+1,1

k + 1
+

ck+1,2

k + 2
+ . . . +

ck+1,k

2k
+

1
2k + 1

= 0.



F

��@�$�; CI/*G #!$#�$��$# #5"�!��;< �$���$�; τ1, . . . , τk7 �# #"9� 19����;< �; �� �"�1$�$�;

ck+1,1 + ck+1,2τ + ck+1,3τ
2 + . . . + ck+1,kτk−1 + τk = 0. CI/-G

���#19� �$���$�; τi7 #5"�!��;�%9� �� CI/*G � CI/-G7 ��!�< ����
�� 	�����
�� ����������
/ �2  ��6�

%#6$# 5#���� � �� �"�1$�$�;

(τk+1(τ − 1)k)(k)
τ = 0. CI/SG

� CI/SG ��19� �#"�$� "�1�$ $��< Cτ0 = 0G/ 
��� 5# "�8��%7 � #89 5"�19� �#"�$� 89� "�1�$ �!�$�:�

Cτk = 1G7  # !�; 5#19@�$�; 5#";!�� �����$$#&# "�@�$�; 5#����% 	�����
�� ��������
����
7 ���#19�

�$���$�; �# #"#&#  ��6� �!#1�� 1#";< �"�1$�$�<

(τk(τ − 1)k)(k−1)
τ = 0. CI/,G

���8��$�� ������HO#8�  # ��%%� "��$# # $#�� ���$# ��"�!�$9 @�&� � !�� 5#";!#� 2k/

���!�� ��%� � �7 � # "�@�$�� C(/*G 5"� "��8��$�� ������H��!# 19����;� �; 1$� �$ �"1��� �$?

 �"5#�;:��7 5#��#���� τk < 1/ >#= #%� #@�8�� =�� "�5#��"#1�$$#&# "�@�$�; 5"� τ = 1 %#6� 89 �

8#��@� #@�8�� �$ �"5#�;:��/

# ��$

 ����

� �$ �&"� #"� ������H01�"2�" � �#$ "#�� @�&� �$ �&"�"#1�$�; #��B�� 1�;� �; 5# 1�����$� 5#���!?

$�&# ���$� 1 C(/*G/

>�� � ‖etol‖ ' ��!�$$�;  #�$#� �/ ># "�8��%7 � #89 $� ���!�<B�% @�&� 195#�$;�#�� "�1�$� 1#

h̄

k + 1
‖Āk‖ = ‖etol‖.

� �<!�7 ��5#����; 5#���!$�� �## $#@�$�� 1 C(/IG7 5#�����% #:�$��

h̄ = hr = h

(
k + 1

h

‖etol‖
‖Ak‖

) 1
k+1

. CF/+G

���1�!$#7 5"� "��8��$�;2 ������H��!# � ������HO#8�  # $�!#� � #�  ��#� #:�$�� �#� #� 1  #%7 � #

@�& 5# $�� 198�"�� �; ��� !�; "�@�$�; 5#";!�� k7 5#= #%�7 1##8B� &#1#";7 #$� $� #8��5���1�� 

�#2"�$�$�� �#����$#�  #�$#� �/

�# ��8�6�$�� ���@�#% 8#��@�2 C� %��92G �#����$92 #@�8#� $� r ���!�� $��#6� � #&"�$���$��J

1
σ

< rk+1 < σ. CF/(G

��;  #&# � #89 1�����$� 5#���!$�&# ���$� 1 C(/*G 89�� #&"�$���$� 1 5"�!���2 #!$#&# 5#";!��7 �$�?

��$�� σ !#�6$# 89 � "�1$#
√

10/ 0 # ���!�� ��  #&# ��� �7 � # h̄‖Āk‖ ∼ rk+1/

�95#�$�$�� #8#�2 $�"�1�$� 1 5"#1�";� �; ��@� 1 $����� �$ �&"�"#1�$�; 5"� 198#"� � �" #1#&#

@�&�J ���� CF/(G $� 195#�$;� �;7  # �$ �&"�"#1�$�� 5#1 #";� �; � $#19% @�&#% h̄ = hr �  �� !����7

5#�� $� 195#�$� �; ���#1�� CF/(G/ �89�$# !�; 5#����$�; � �" #1#&# @�&�  "�8�� �; $� 8#��� I � �?

"�:��/ � !���$��@�% !�; #&"�$���$�; r 5"#1�";� �;  #���# 5"�1#� $�"�1�$� 1#J ���� $�"�1�$� 1# $�

195#�$;� �;7  # r 5"�$�%�� �$���$�� 5"�1#&# 5"�!���/

������$#� 5"�8��6�$�� � �" #1#&# @�&� 5#����� �; �� #:�$�� CF/+G !�; k = 1J

h̄ =

√
2h‖etol‖
‖f1 − f0‖ , f1 = f(t0 + h,x0 + hf0), CF/.G

&!� h ' %���; 1�����$�/ 
��� h $�� #���# %���7 � # 1 �#%5�< �"$#� �"��%� ��� f1 = f07 #$� �1���?

��1�� �; 1 +) "�� � #:�$�� 5#1 #";� �; �$#1�/
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r′ = v, v′ = − μ

|r|3 r.

R!��� r = (r1, r2) � v = (v1, v2) ' 1�� #"9 5#�#6�$�; � ��#"#� � �## 1� � 1�$$#7 � μ(= 1) ' &"�1� �?

:�#$$9� 5�"�%� "/ ������$9� ���#1�; ��!��� 89��

r1 = 1 − e, r2 = 0, v1 = 0, v2 =
√

(1 + e)/(1 − e).

�$� �## 1� � 1�< #!$#5�"�%� "�����#%� ��%��� 1� #"8� � =��:�$ "��� � #% e 1 ����� 1� 5�"�%� "�

� � �!�$��$#� 8#��@#� 5#��#��< a/ �$ �&"�"#1�$�� 195#�$;�#�� $� �$ �"1��� +))) #8#"# #1 !�;

"�����$92 =��:�$ "��� � #1/ >"� = #% �����!#1�����  � ��� �$9� 2�"�� �"�� ��� �$ �&"� #"�/

-/+ �"�&#1#� ������ e = 0

��� �6� 89�# ��%���$#7 @�& 1 �$ �&"� #"� 198�"�� �;  ���% #8"��#%7 � #89 �#2"�$;���� 1�����$�

���$� k + 1 5#";!��/ 
��� 89 �$ �&"� #" �%�� 5#";!#� k7  #  ���% �5#�#8#% %#6$# 89�# 89 #8��5�?

�� � �#2"�$�$�� �#����$#�  #�$#� � $� 1��% �$ �"1��� �$ �&"�"#1�$�;/ �!$��# 5#";!#� �$ �&"� #"�

������H01�"2�" � ��B�� 1�$$# 19@� k/ �� 5"�%�"� �"�&#1#� ��!��� %9 �����!#1��� ��1���%#� � "�?

���$#� �#����$#�  #�$#� � # ��!�1��%#� !�; 198#"� 5�"�%�$$#&# @�&�/

� C(/*G 1�����$� k + 1 ���$� ‖ek‖ %#6$# #:�$� � ���

‖ek‖ ≡ h

k + 1
‖Ak‖ ≈ hk+1

(k + 1)!
‖x(k+1)‖, C-/+G

 #&!� ��� #@�8�� �����$$#&# "�@�$�; 5#";!�� p 8�!� 

‖ep‖ ≈ hp+1

(p + 1)!
‖x(p+1)‖. C-/(G

� �"�&#1#% ������ "�@�$�� x �%�� 1�!

x1 = r1 = a cosnt, x2 = r2 = a sin nt, x3 = v1 = −an sinnt, x4 = v2 = an cosnt,

&!� n =
√

μ/a3 ' �"�!$�� !1�6�$��/ 
#&!�

‖x(i)‖ = a
√

1 + n2ni. C-/.G

>#!� �1�;; C-/.G 1 C-/+G � C-/(G7 5#�����%

‖ep‖ ≈ (a
√

1 + n2)−
p−k
k+1

(p + 1)!
((k + 1)!‖ek‖)

p+1
k+1 .

� ��� $#� �7 !�; "��8��$�; ������H��!# Cp = 2k + 1G

‖ep‖ ≈ 1
a
√

1 + n2

k+1∏
i=1

i

k + 1 + i
‖ek‖2. C-/IG

�� "��/ -/+ 5"�!� �1��$9 #:�$�� "����$#� �#����$#� #@�8��

‖ep‖ = ‖Δx‖ =
√

Δr2
1 + Δr2

2 + Δv2
1 + Δv2

2

1 ��1���%#� � # "�����$92 ZDD(= ‖ek‖) !�; p = 11/ �:�$�1�$�� 195#�$;�#�� 1 "�6�%� QXZ[ = 0
$� 5�"1#% @�&�7 5#!8�"��%#% 1 �## 1� � 1�� � ��!�1��%#�  #�$#� �< ZDD/

��  "�!$# 1�!� �7 � # "����� � 9 2#"#@# �#&����< �; � C-/IG/ � ��� $#� �7 =��5�"�%�$ ���$�;

#:�$�� 5#! 1�"6!�� �1�!"� ��$�< ��1���%#� � ‖ep‖ ∝ ‖ek‖27 # ��&#7 &��1$9% #8"��#%7 "����$�;

 #�$#� � �����$$#&# "�@�$�; ��B�� 1�$$# 19@� ��!�1��%#�/



+.

1E-010 1E-008 1E-006 0.0001 0.01 1
 ERR

1E-017

1E-015

1E-013

1E-011

1E-009

1E-007

1E-005

0.001

 |
x|

����$#� -/+ ' R�1���%#� � �#����$#�  #�$#� � # ��!�1��%#�

-/( ���8#=��:�$ "��$9� ������ e = 0.1

��; #:�$�� #5 �%���:�� �#� �1��$$#&# �#" "�$ �#!� %9 �"�1$��� 89� "#!��� 1�� C1 �� "� �2 5"#?

:���#"$#&# 1"�%�$�G �$ �&"� #"� PEMQQN+F � @�"#�# ��5#�����%#&# �"�!� $�8��$92 %�2�$��#1 �$ �?
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#�����#�� %�$�@� %� #!�����#� #@�8�� $� $���#���# 5#";!�#1/

�� "��/ -/( 5#����$9 # $#@�$�; 1"�%�$$92 �� "� 7 �# #"9� 5# "�8#1����� �$ �&"� #"�% !�; 5#?

����$�; �����$$92 "�@�$�� -7 ++ � +F 5#";!�#1/ ��� 1�!$#7 �$ �&"� #" PEMQQN+F "�8# �� 89� "��7

#!$��# = # 19�&"9@ 5# 89� "#!��� 1�< � �1�����$��% 5#";!�� �%�$�@�� �;/ �5"#��%7 ���!�� ��?

%� � �7 � # 1 ��!���2 �# ��#6$#� ��$�:��� f #5�"� �1$#� � �$ �&"� #"#1 !#�6$� 89 � #!�$��#1#�7

5#��#���� 8#��@�; ��� � 1"�%�$� 8�!� �� "���1� ��; $� 5"#:�!�"� �� 19�����$�; YM\ �  #&!�

89� "#!��� 1�� 8�!� 7 &��1$9% #8"��#%7 #5"�!��; ��; ����#% #8"�B�$�; � = #� 5"#:�!�"�/

����� %9 #:�$��� #@�8�� �$ �&"�"#1�$�; |Δr| =
√

Δr2
1 + Δr2

2 1 ��1���%#� � # 1�����$9 5#� #?

;$$#&# @�&� h !�; 5#";!�#1 (H++/ �$ �&"�"#1�$�� 195#�$;�#�� � * � �"�:�;%� C$� @�&�G $� �$ �"1���

+))) #8#"# #1/

� ������ k = 1H3 5"�!� �1��$$9� $� "��/ -/. 2�"�� �"�� ��� 5#���91�< 7 � # 5"� !#� � #�$# 8#��?

@�2 h C&�#8���$�;G #@�8�� "�@�$�; p?5#";!��7 ��� � #6�!��#��7 � �%�$�@�$��% @�&� 1�!� ��8; ���

|Δr| ∼ hp7 � #7 �#8� 1�$$#7 � &#1#"� # �## 1� � 1�� #@�8�� %� #!� 5#";!�� p/ ��; k = 4, 5 �� ��?

:�; $���#���# �$�;/ 0 # #8p;�$;� �;  �%7 � # * � �"�:�� $�!#� � #�$# !�; �2#!�%#� � � �"�:�#$$#&#

5"#:���� $� @�&� � 5#�����%#� "�@�$�� $� �## 1� � 1�� 5#";!�� �$ �&"�"�<B�2 �#"%��/ ������$#�

5#1�!�$�� 2�"�� �"�� �� $�6� |Δr| = 10−6 #8���#1��$# 1��;$��% #@�8#� #�"�&��$�;/

��#8# ���!�� ��%� � �7 � # $��%# "; $� �"� #� ��� 2�"�� �"�� ��� $��� $#&# 5#";!�� 2k + 1
1 �"�1$�$�� � 2�"�� �"�� ��#� �� $#&# 5#";!�� 2k C!�; k = 1H3G7 #5"�!���$$�;  #�$#� � !�; �� ?
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�� "��/ -/I 5#����$# 5#1�!�$�� #@�8�� � ��%�$�$��% t !�; �� $92 � $��� $92 5#";!�#1 Ck =
3H5G/ ������ � 97 5"�1�!�$$9� �!���7 89�� 5#����$9 1 "�6�%� \U ≤ 07  /�/ !# 5#�$#� �2#!�%#� �

� �"�:�#$$#&# 5"#:����/ >"� = #% $� @�&�  "�8#1��#�� # ++ !# +* � �"�:��/

��� 1�!$# �� "���$��7 5"� 5#� #;$$#% @�&� Ch = 2π/16G #@�8�� �$ �&"�"#1�$�; !�; �� $92

5#";!�#1 1�!� ��8; ��$��$#7  #&!� ��� !�; $��� $92 5#";!�#1 ' �1�!"� ������/ ��6� $��%# "; $�

 #7 � # �$ �&"� #" 5#";!�� 2k + 1 1 $����� �$ �&"�"#1�$�; !�� "�@�$��  #�$��7 $�6��� �$ �&"� #"

5#";!�� 2k7 1 �#$:� �$ �&"�"#1�$�; 1���!� 1�� "��$#&# "#� � #@�8#� 5�"19� �6� �� �5�� 1 #"#%� 1

 #�$#� � 5#� � $� ( 5#";!��/ ���1�!$#7 � �1�����$��% �$ �"1��� �$ �&"�"#1�$�; = # 5"��%�B�� 1#

!�; ��6!#&# �$ �&"� #"� � ��%%� "��$9% "��8��$��% 8�!�  #���# 1#�"�� � �/

� �#6���$�<7  ���� ��%��� ���$9� �1#�� 1� �$ �&"� #"#1 �� $92 5#";!�#1 �%�< %�� #  #���#

5"� ��5#���#1�$�� 5#� #;$$#&# @�&�/ >"� �1 #%� �����#% 198#"� @�&� #@�8��  ��6� ��� � !�;

�$ �&"� #"#1 $��� $92 5#";!�#1 1�!� ��8; �1�!"� ��$9% #8"��#%/

����� %9 �����!#1��� 1#5"#� # �## $#@�$��  #�$#� � � 89� "#!��� 1�; 5"� �1�����$�� �����

� �"�:�� $� @�&�/ >� �% 1�"��:�� ZDD #:�$�1�����  #�$#� � � 89� "#!��� 1�� �$ �&"� #"� ++?&#

5#";!�� � 5�"�%�$$9% @�&#% $� �$ �"1��� +))) #8#"# #1 !�; \U = 1H6/ ������ � 9 5"�1�!�$9 $�

"��/ -/F/

����$#� 5#���91�� 7 � # �6� $� ( � �"�:�� %#6$# 5#���� � !#1#��$# 2#"#@�� "�@�$��7 2# ; �## ?

1� � 1�<B�; 2�"�� �"�� ��� ��%� $# # ��#$;� �; # � �5�$$#� ��1���%#� �/ >#= #%� !�; �1�"�$$#&#

"����� � � $�#82#!�%# ��5#���#1� �7 5# �"��$�� %�"�7 . � �"�:�� $� @�&�/ ���!��  ��6� ��%� � �7

� # �1�����$�� ����� � �"�:�� $� ��B�� 1�$$# 5#$�6�� =���� �1$#� � �$ �&"�"#1�$�;/

-/. ����$#=��:�$ "��$9� ������ e = 0.9
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1�"���7 ����% #8"��#% 198�"�� �; @�& !�; �����; e = 0.9/ >#1�!�$�� 198�"��%#&# @�&� $� #!$#%

#8#"# � 5"�!� �1��$# $� "��/ -/*7 &!�  ��6� 5"�1�!�$9 ��$�:�� 5"#5#":�#$���$9� |r|7 |r|3/27 |r|2 �

|v|−1/ ��� 1�!$#7 ��%�$�$�� @�&� #��$� 8����# � 5#1�!�$�< |r|3/2/ 0 # #�$���� 7 � # @�& 5�"�%�$$#�
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%�$�� =���� �1�$7 $�6��� PEMQQN+F/ 
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"�@�$�� � 2�!@��  #�$#� �<7 $�6� $� 5#";!#� � 8#���/ 0 # �1;��$# �  �%7 � # 1 DELEMN(- ���#6�$
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